Introduction
Let X be a compact complex manifold of pure dimension n and Y an analytic subset of X. Let U = X-Y. Then associated to the pair (X 9 Y) we have the following pair of exact sequences of rational cohomology groups
-> H*(U,Q) -> H*(X 9 Q) -> H*(Y 9 Q) -> H l c +1 (U,Q) -> <-H 2n -l (U 9 (?) *-H 2 "-*^ (?) 4-H^-^X, (?) 4-H 2n -l -i(U 9 Q) <-
which are dual to each other via Poincare pairings (cf. (1.5)). On the other hand, when Z is an algebraic variety (as we assume in the following), Deligne defined in [3] [4] the natural mixed (Q-)Hodge structure on each term of the above sequences, in such a way that the morphisms are those of mixed Hodge structures. The purpose of this article is then to show that the duality mentioned above is also compatible with the mixed Hodge structures under a suitable definition. A result in a sense analogous to ours has been obtained by Herrera and Lieberman in [13] in which they showed that the above duality is compatible with 'infinitesimal Hodge filtrations' of X along Y. Duality of mixed Hodge structure itself was also mentioned in the introduction of [4] as according to N. Katz. However, since there seems no published articles on this subject, it would not be of little use to give a detailed exposition like the present one. In Section 1 a precise statement of the theorem will be given and its proof is reduced to the case where we have to show that the pairing i^y: H*(Y 9 Q)x Hy n~l (X, (?)->(? gives a duality of mixed Hodge structures under the assumption that Yis a divisor with only normal crossings in X. In this case we have the mixed Hodge structure on H l (Y, Q) fresp. H$ n~l (X 9 Q)) as described in [10] or [20] (resp. coming directly from that on H 2 "~'(t7, Q) as described in [3] ). The problem is that apparently these two descriptions do not fit well in the framework of duality. Our proof then consists in constructing commutative diagrams (A) and (B) (cf. (1.9)) of certain complexes' sheaves which are 'dual' to each other, where simple and multiple residues of Herrera-Lieberman [12] and Herrera [11] respectively play an important role in defining morphisms. This will be carried out in Sections 2 and 3 together with the proof of the theorem.
(See (1.9) for an outline.) In Section 4 we treat another problem on naturality of mixed Hodge structure, i.e., its compatibility with the spectral sequence of Fary associated to a descending sequence of analytic subsets of X (Proposition 4.6).
Note that the Hodge theory is applicable without further change to a wider class of complex spaces, i.e., those in the category ^ as defined in (1.2), so that our results are also valid for these spaces. In [7] we used the results of the present note in an application to fixed point sets of C* actions on compact Kahler manifolds, which was the original motivation for this investigation.
Notations. Let jtf be an abelian category, K' a complex in ^ and P = {P n (K')} (resp. {P n (K')}) an increasing (resp. decreasing) filtration on K'.
Then for any integer m, K'[m~\ is the complex with K'[/n]" = K'" + ", and P[m] is the filtration on K' with P[_m'] n (K') = P n _ m (K') (resp.
P[ni] tt (K')=P n+m (K')).
For a topological space X we denote by jtf(X) the abelian category of sheaves of C vector spaces on X, and by 2sf(X) its derived category. § 1. Mixed Hodge Structure and Duality (1.1) Let #0 be the category in which objects are compact reduced complex spaces and arrows are morphisms of complex spaces. We define a subcategory # of ^0 as follows; let X eOb^0. where H*''* = FPH i n F*-l H l , F (resp. F) being the induced filtration from (1) on H l (X, €) (resp. complex conjugate of F).
(1.2) Let X be a complex space. A compaetification X* of X is a compact complex space containing X as a dense Zariski open subset. Two compactifications Xf, / = !, 2, of X are called equivalent if the identity, id: X-+X, extends to a bimeromorphic map id*: Xf-*X%. We call a complex space with an equivalence class of compactifications a meromorphic complex space, or simply a meromorphic space. Let ^f (resp. 7) be a meromorphic space with an equivalence class & x (resp. © y ) of compactifications. Then a morphism /: X-+Y is called meromorphic, if/extends to a meromorphic map/*: X*-»y* for any X* e (£ x and 7* e (£ y . Let ^ be the category of meromorphic spaces and meromorphic morphisms. We define the subcategory $> of ,// as follows; a meromorphic space X with an equivalence class (£ A > of compactifications is in % if and only if there is a compaetification X* e & x with A'* e #.
(1.
3) The concept of mixed Hodge structure was introduced by Deligne in [3] .
( For the latter statement see [4, 8.3.3] , where it was also shown that the exact sequence of relative cohomology -»/f(*, Z, <?)->H'CY, <?)->#'(Z, (?)-» becomes one in (MH) if each term is given a mixed Q-Hodge structure as in the above proposition ([4, 8.3.9] ). Note that if Z is open, then H'(X, Z, Q) is naturally isomorphic to the local cohomology group H' Y (X, Q), Y=X -Z 9 and the above sequence is isomorphic to the corresponding exact sequence of local cohomology. In particular this defines a natural mixed Q-Hodge structure on the local cohomology group H' Y (X 9 Q). On the other hand, for any U e ^ we may define the natural mixed Q-Hodge structure on H°C(U, Q) (the cohomology with compact supports) in the following manner. Take any compactification XE& of U and let Y=X-U. Then we have the natural isomorphism H' C (U, Q)^H'(X, 7, Q). Then we define the structure to be that induced from H'(X, 7, Q) by this isomorphism. By functoriality of the mixed Hodge structure this definition is independent of the choice of X (cf. the proof of [3, 3.2.11] 
be the complex of sheaves of germs of complex valued C^-forms (resp. currents) on X. Let (* x ' q (resp.
'&x' q ) be the sheaf of germs of C°° -forms (resp. currents) of type (p, q) on X.
Then we have the following commutative diagram
where the vertical arrows are de Rham isomorphisms (cf. [19] for e' 2n -i) and \l/' x is induced by the natural pairing
, it suffices to prove the corresponding assertion for \l/' x .
First we note that
Then we have to show that the induced pairing,
is perfect. In fact, expressing (I) in terms of the complex F(X, Jf" x ), J^' X = S'°X or '& x , we see that the degeneracy of (1) 
where Im denotes the image. By the compatibility of the pairings with the sequences (2) .11)). This would establish our assertion.
As is clear from the above explanation, for our purpose only parts of the above diagrams are actually necessary. We develop them here hoping that it helps to clarify the whole situation. In Section 2, mainly the left halves of the above diagrams will be constructed following Herrera-Lieberman [12] and Herrera [11] , and then in Section 3 the right halves will be added and proof of the above assertions will be provided. This is quasi-isomorphic since the following sequence
Index of notations: Q'
.e., the sequence We shall show (6). Put 9 = a>/\oc. By our assumption, taking B small enough we can take coordinates (z ls ... ? z n ) of B in such a way that z i = <p i for l^igs for some s^r and ^ = 1 for 5+lgf^r. For any subset J of £ = {!,. .. 3 [12, Proposition 6.5 (8), (10)] we get that for any J
where jD^ = d a /dzf and the integrals in the sum are actually finite by [12] . From this, taking J = 6, {!},..., {s} (6) follows immediately. Finally the last assertion follows from the commutativity, (2.4) and (2.7).
Remark. In the above proof, if a 1 = --=a s =l in (7), (8) gives for each / 6 S the following :
As a corollary we get the following commutative diagram of hypercohoinology groups with isomorphic arrows and Ky«, = r(7 5 ^"yoo), which is by definition 0 3 . Moreover from the definitions of ^X|y, ;fyo= and the direct image of currents it follows that Combining this with (2.5) we have proved the following: There is a natural perfect pairings between the triangles (4) and (10 
By the above lemma all the morphisms in this diagram are quasi-isomorphic. (3.4) From (2.1) (2.6) and (3.3) we obtain the commutative diagram (A). We shall see that the morphisms are all quasi-isomorphic in (A). First note that this is already true for the left half of the diagram ((2.1) and (2.6)). So by the commutativity it is enough to show that r& and r^ are quasi-isomorphic since so is jy as has been shown in (3.2 In fact, as in the arguments used in the classical definition of residue by Leray [15] one checks easily that res r (co) is independent of the various choices made above, depending only on co, and that res 7 is a complexes' homomorphism. When q = \, from (5), Section 2 (6), Section 2 (7) and Section 2 (9) we obtain the following ; On the other hand, iterating the arguments used to deduce Section 2, (9) we obtain a similar formula for hj In fact one sees readily that ^f 2g (a 7 )(l)7^0, a/l) being the current defined by the analytic variety Y 7 . We shall give a proof for // 0 in (3.9). So it remains to show that Y\ x (Yy is quasi-isomorphic. We have to show that the following sequence is exact for every s (cf. (1.10) and (4) Hence passing to hypercohomology we obtain (B) with all the arrows isomorphic. Here the right hand side should be considered as a complex concentrated in degree p+i. On the other hand, from (4) and (9) we derive Gr*GrkjrXnsGr*^*'-*W Then from (5) and the definition (6) of H 0 , we get that with respect to the above isomorphisms Gr£Gr^(# 0 ) corresponds to the natural augmentations F (fc+1) :
yT^^^T^^^Cfe+^^^yT^iV'C-p-l], which is quasi-isomorphic by the Dolbeault-Grothendieck lemma.
Q. E. D. (10) is also associated to the left hand side of (11) . This proves the first assertion since the filtration on the abutment of (10) Finally it remains to check that the above definition coincides with that of Deligne in [4] . First of all as in the proof of [3, 3. 3.1 a) ). Hence our mixed Hodge structure fits into the exact sequence Section 1, (2) in (MH), as well as the one defined in (1.4). It follows that both structure is identical. 
T(K).
(Caution: Here and in the following F has nothing to do with the Hodge filtration of a mixed Hodge structure.)
Now from (5) and (6) 
